In this paper we present a symbolic manipulation package that enumerates the hypergroups of order 3. It separates them into isomorphic classes and calculates their cardinality.
Introduction
1934 was the year that Frederic Marty defined the hypergroup [1] and so the time that the theory of hypercompositional structures was born. Over the years hypercompositional structures have been used in algebra, geometry, convexity, automata theory and even in some applied sciences. To make this paper self-contained, some definitions are recalled. Thus a partial hypergroupoid is the pair (H, ·) where H is a nonempty set and ''·'' is a hypercomposition in H, i.e. a function from H × H to the powerset P(H) of H. If the map is from H × H to the family of the nonempty subsets of H, then (H, ·) is called a hypergroupoid. The axioms which endow (H, ·) with the hypergroup structure are:
i. a(bc) = (ab)c for every a, b, c ∈ H (associativity); ii. aH = Ha = H for every a ∈ H (reproductivity).
In a hypergroup, the result of the hypercomposition is always a nonempty set. Indeed, let ab = ∅; then H = aH = a(bH) = (ab)H = ∅ = ∅ which is absurd (see Mittas [2] Extend the hypercomposition ''·'' from H to P(H), by setting for all A, B ∈ P(H):
where A · b and a · B will have the same meaning as A · {b} and {a} · B respectively. Also, when nothing opposes it, there is no distinction made between the elements and their corresponding singletons.
Hypergroups are much more flexible and varied than groups. For example if H is of prime cardinality p, there are a large number of non-isomorphic hypergroups on H, while, up to isomorphism, there is only one group Z p . This becomes clear in this paper, which enumerates the hypergroups of cardinality 3.
The method
A hypergroupoid is a set H = ∅ with a hypercomposition ''·'' which is not necessarily associative or reproductive.
As regards the notification of the elements of the hypergroupoids of order 3, it can be assumed that they share the set H = {1, 2, 3}.
The hypercompositions in H are defined through the following The reproductivity of the hypercompositions defined in (1) can be checked, through the verification of validity of the equivalent (to this axiom) equalities:
The cases that successfully pass this first test (i.e. the reproductivity validity test) are going through the associativity validity test, which is checking all the 27 possible triples a(bc) = (ab)c.
Classes of isomorphism
A hypergroupoid of order 3 is isomorphic with another five hypergroupoids. This derives from interchanges among the elements of the set H. More precisely So for the above matrix of hypercomposition (1) there are derived the following five isomorphic hypercompositions:
whereã ij are the subsets that derive from the transposition of the corresponding a ij 's of the original matrix and the proper replacement of their elements. Analogously the same holds for higher orders and there exist n! isomorphisms for order n.
Examples and results
Let's assume that it must be verified whether or not the following two hypergroupoids are hypergroups:
and we write From the last line (Out [3] ) it derives that only the first hypercomposition defines a hypergroup in H. It is obvious though, that the second hypercomposition satisfies the reproductivity axiom and so the corresponding hypergroupoid is a quasihypergroup. We can verify this by using the ReproductivityTest function of the package in the Appendix.
In [4] In the package above the function AssociativityTest[ ] is implemented by using While. In the most of the tested hypercompositions the property of associativity failed after the first two or three checks. Consequently it was not necessary to go through all 27 cases for hypergroups of order 3. In contrast the function ReproductivityTest[ ] tested all rows and columns simultaneously according to property (2) , since this does not increase computational time.
The program above can be used in order to construct hypergroups of any order. A random hypergroup of sixth order can be derived writing 
